Abstract. The class of m-full and four related classes of ideals in a local ring (R, m) are extended by replacing m with other ideals and the resulting classes of ideals are compared. It is shown that contracted ideals are m-full in a local ring with infinite residue field.
Introduction. Throughout let (R, m) be a local (Noetherian) ring. An mprimary ideal I of R is said to be contracted if IR[ m x
] ∩ R = I for some regular x ∈ m \ m 2 . An R-ideal I is said to be full if I : R m = I : R x for some x ∈ m \ m 2 . Contracted ideals and full ideals played important roles in Zariski's factorisation theorem for complete ideals in a two-dimensional regular local domains (see for example [20, Appendix 5] and [8] ). An R-ideal I is said to be m-full if mI : R x = I for some x ∈ m. This class of ideals was first considered by D. Rees (unpublished) and has received substantial attention since the first papers [4, 18] on this topic appeared. An Rideal I is said to have the Rees property if μ(J) ≤ μ(I) for any ideal J containing I with finite colength, λ(J/I) < ∞, where μ(I) denotes the minimal number of generators, λ(I/mI), of I. It was shown in [4] and [18] that if R/m is infinite, then m-full ideals have the Rees property. A proper ideal I of R is said to be basically full if no minimal set of generators of I can be extended to a minimal set of generators of an R-ideal that properly contains I [6, Definition 2.1]. It is shown in [6, Theorem 2.1] that a basically full ideal of R is m-primary and in [6, Theorem 2.12] that an m-primary ideal is basically full if and only if I = (Im : R m).
In a recent paper [7] , these five classes of ideals were compared to each other and to the class of integrally closed ideals. In this paper, after developing a few basic facts about closure operations on the set of ideals of a ring, two particular closure operations are used to show that contracted ideals are m-full in any local ring (R, m) with R/m infinite. This greatly simplifies the diagram of implications between the above classes of ideals, which was given in [7, p. 2628] . Further, it is shown that all of the implications in this diagram continue to hold if the above five definitions are generalised by replacing the maximal ideal m of R by another ideal L of R. Usually when one considers ideals, which are contracted from R[m/x], it is assumed that x ∈ m is regular. Thus, when considering ideals, which are contracted from R[L/x] for some ideal L, we will assume that x ∈ L is regular. This paper is organised as follows. In Section 1, we give the definitions of closure operations, semi-prime and prime operations and a few relevant examples. In Section 2, it is shown that for any regular ideal L of the local ring R, there is a semi-prime operation 
There are many well-known examples of closure operations including integral closure and tight closure. In the following, we list a few others, which we will refer to later. EXAMPLE 2.3. The -closure is a semi-prime operation [11] . Let R be a commutative ring with identity and a multiplicatively closed set of non-zero finitely generated ideals of R.
EXAMPLE 2.4. Let R be a ring, let {f λ : R → R λ | λ ∈ } be a family of ring homomorphisms, and for each λ ∈ , let I → I c λ be a closure operation on R λ . The closure operation induced from the family of closure operations {c λ | λ ∈ } is defined by ] ∩ R = I for some regular x ∈ K. We use the following lemma. For this lemma, observe that since the ideal
is a union of an ascending chain of ideals and R is Noetherian, this ideal is (IK
If K is an ideal of R, we let reg(K) denote the set of regular elements in K.
LEMMA 3.1. If (R, m) is a local ring and I, K are ideals of R with K regular, the following hold.
where i t ∈ I and f t ∈ K t . So
n , where t 1 + · · · + t n = nk. For each of these monomials, some t i ≥ k. If say i = 1, then yx 
COROLLARY 3.4. If (R, m) is a local domain with R/m infinite and I is a regular ideal of R, then I is K-contracted for every regular ideal K of R if and only if I is integrally closed.
Proof. Since the ideal K in Definition 3.2 is assumed to be regular, it is immediate that I K ⊆ I, the integral closure of I (for example, see [ 
But since R/m is infinite, we get by Lemma 3. 
It remains to extend the notion of full ideal, which is defined in the Introduction. If I and L are ideals of (R, m), we say that I is full for L if I : R L = I : R x for some x ∈ L. Then, L-full ideals I are full for L since if IL : R x = I, then I : R x ⊆ LI : R Lx = (LI : R x) : R L = I : R L ⊆ I : R x.
We have the following diagram of implications, which simplifies the diagram given in [7, p. 2628 
